Abstract. We show how for every integer n one can explicitly construct n distinct plane quartics and one hyperelliptic curve over C all of whose Jacobians are isomorphic to one another as abelian varieties without polarization. When we say that the curves can be constructed "explicitly", we mean that the coefficients of the defining equations of the curves are simple rational expressions in algebraic numbers in R whose minimal polynomials over Q can be given exactly and whose decimal approximations can be given to as many places as is necessary to distinguish them from their conjugates. We also prove a simply-stated theorem that allows one to decide whether or not two plane quartics over C, each with a pair of commuting involutions, are isomorphic to one another.
Introduction
Torelli's theorem states that a curve is determined by its polarized Jacobian variety, but a century ago Humbert showed that distinct curves can have isomorphic unpolarized Jacobian varieties; thus it is natural to wonder exactly how much information about a curve is contained in its unpolarized Jacobian. In this paper we will prove that in general one cannot determine whether or not a curve over the complex numbers is hyperelliptic simply by looking at its unpolarized Jacobian. To prove this, we will show how for every positive integer n one can explicitly construct n distinct plane quartics and one hyperelliptic curve of genus 3 such that all n + 1 of these curves share the same unpolarized Jacobian. Our construction is apparently the first method of producing explicit exact equations for curves of genus 3 over C with isomorphic Jacobians. In order to state our theorem precisely, we must set some notation.
For every nonzero complex number α, we let H(α) denote the normalization of the possibly-reducible curve
It is not hard to check that if α 2 = 1 then H(α) is irreducible and is in fact a hyperelliptic curve of genus 3. For every pair of complex numbers (α, β) with α = 0 and α 2 = 1, we let C(α, β) denote the possibly-singular plane quartic curve defined by the homogeneous equation
Finally, for every nonzero real x we let µ(x) denote the unique µ ∈ R such that 0 ≤ µ < 1 and such that the elliptic curve Y 2 = (X − 1)(X − µ)(X + 1) is complex-analytically isomorphic to the torus C/(Z + ixZ). When x 2 is a rational number the number µ(x) is algebraic and its minimal polynomial over Q can be calculated. For instance, the values of µ(x) that we must calculate in order to apply the theorem with m = 30 are
Using these values, we find three distinct explicitly-given plane quartics whose Jacobians are all isomorphic to that of an explicitly-given hyperelliptic curve. For our proof of Theorem 1 we will require a simple method of determining whether two plane quartics, each with a pair of commuting involutions, are isomorphic to one another. We will provide such a method in Section 2. We will then prove Theorem 1 in Sections 3 and 4. Finally, in Section 5 we will show how to compute the minimal polynomials of the algebraic numbers µ( √ m/d) that appear in the statement of Theorem 1. We will work through the calculations for the cases m = 6 and m = 30.
There are a number of other papers that discuss the relationship between a curve and its unpolarized Jacobian. The fact that a curve is not determined by its unpolarized Jacobian was first observed by Humbert [9] , who exhibited the period matrices for pairs of genus-2 curves over C with isomorphic Jacobians. The Jacobians of Humbert's curves are reducible, and Hayashida and Nishi [5, 4] showed that in fact there exist arbitrarily large sets of genus-2 curves over C all sharing the same reducible Jacobian. A method for producing explicit equations for the curves in such sets was given in [7] . There also exist simple abelian varieties over C of dimension 2, 3, and 4 that can be obtained in more than one way as the Jacobian of a curve -see Lange [13] for dimensions 2 and 3, and Ciliberto and van der Geer [3] for dimension 4. No explicit examples of the equations for such curves over C are known. Over finite fields, explicit examples of distinct curves of genus 2 and 3 sharing the same reducible Jacobian can be obtained by using results of Ibukiyama, Katsura, and Oort [10] and Brock [1] or by reducing the examples in [7] , and a method for producing explicit examples of distinct curves of genus 2 and 3 sharing the same irreducible Jacobian is given in [6] . The genus-3 example worked out in [6] consists of a hyperelliptic curve and a plane quartic over F 3 with isomorphic Jacobians.
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Detecting isomorphisms between plane quartics with commuting involutions
Fix a set of homogeneous coordinates X, Y , Z for P 2 , and for every triple (a, b, c) of complex numbers let Q(a, b, c) denote plane quartic defined by
The curve Q(a, b, c) is nonsingular if and only if a 2 + b 2 + c 2 − abc − 4 is nonzero and none of a 2 , b 2 , and c 2 is equal to 4. Our goal in this section is to give a simple criterion for deciding whether two nonsingular curves Q(a, b, c) and Q(a ′ , b ′ , c ′ ) are isomorphic to one another. The embedding of Q(a, b, c) into P 2 given by its defining equation is a canonical embedding, so every isomorphism ϕ from Q(a, b, c) to Q(a ′ , b ′ , c ′ ) can be extended to give an automorphism ϕ P 2 of the ambient P 2 that takes Q(a, b, c) to Q(a ′ , b ′ , c ′ ). Using our fixed set of homogeneous coordinates, we can identify Aut P 2 with PGL(3, C), so ϕ P 2 can be represented by a 3 × 3 matrix, unique up to scalar multiples. We say that an isomorphism A special case of this proposition may be found in Kuribayashi and Sekita [12] , but we have been unable to find a proof of the general case in the literature. Brock uses the result of the proposition, without proof, in Chapter 3 of [1] .
Our proof of the proposition depends on the following lemma. By a V 4 -subgroup of a group G, we mean a subgroup of G isomorphic to the Klein 4-group V 4 . Lemma 3. Let C be a nonhyperelliptic curve of genus 3. The number of strict isomorphism classes of curves Q(a, b, c) that are isomorphic to C is equal to the number of conjugacy classes of V 4 -subgroups of Aut C.
Proof. For every nonsingular curve Q(a, b, c) let A(a, b, c) be the subgroup of Aut Q(a, b, c) consisting of the automorphisms [X :
. Thus we get a map Θ from the set of strict isomorphism classes of curves Q(a, b, c) such that C ∼ = Q(a, b, c) to the set of conjugacy classes of V 4 -subgroups of Aut C. We will prove that Θ is a bijection.
The canonical embedding Φ : C → P 2 allows us to identify Aut C with a subgroup of Aut P 2 . Suppose A is a V 4 -subgroup of Aut C. Since there is a unique embedding of V 4 into Aut P 2 up to conjugacy, we may choose coordinates X, Y , Z for P 2 so that the image of A in Aut P 2 consists of the automorphisms [X :
It is easy to see that with this choice of coordinates for P 2 , the image of C under the canonical embedding is a plane quartic defined by a homogeneous quadratic polynomial in X 2 , Y 2 , and Z 2 . By rescaling coordinates, we find that Φ(C) is defined by a quartic of the form Q(a, b, c) for some a, b, and c. By construction, the isomorphism ϕ : C → Q(a, b, c) obtained in this way pulls back A(a, b, c) to our original group A. Thus Θ is surjective.
On the other hand, suppose ϕ : C → Q(a, b, c) and
by an element α ∈ Aut C. By replacing ψ with the composition ψα, we may assume that
shows that the element χ P 2 of PGL(3, C) can be represented by the product of a permutation matrix and a diagonal matrix. Thus Q(a ′ , b ′ , c ′ ) is strictly isomorphic to Q(a, b, c), so Θ is injective.
Proof of Proposition 2. There are exactly seven groups containing V 4 that occur as automorphism groups of nonhyperelliptic curves of genus 3 over C -see [11] , or Theorem 5.5 of [15] , or Theorem 3.5 of [1] . These groups are V 4 itself, the dihedral group D 8 of order 8, the symmetric group S 4 , a group G 16 that is isomorphic to the central product of the quaternion group Q 8 with the cyclic group C 4 (that is, the quotient of the product Q 8 × C 4 by the image of a central diagonal embedding of C 2 ), a group G 48 that is isomorphic to the semidirect product of G 16 with C 3 (where the C 3 acts in the obvious way on the quaternion group), a group G 96 that is isomorphic to the semidirect product of the trace-0 part of (Z/4Z) × (Z/4Z) × (Z/4Z) with S 3 (where S 3 acts by permuting the factors), and the simple group GL(3, F 2 ) of order 168.
For each of these groups G we can calculate the number N of conjugacy classes of V 4 -subgroups of G. We leave these straightforward calculations to the reader; the results are presented in the first two columns of Table 1 [2] . Now, if a curve Q(a, b, c) has automorphism group equal to G, then Lemma 3 says there there will be exactly N strict isomorphism classes of curves Q(a ′ , b ′ , c ′ ) isomorphic to Q(a, b, c). One of these classes will be represented by Q(a, b, c) itself. In column 4 we list representatives of the other N − 1 strict isomorphism classes of curves Q(a ′ , b ′ , c ′ ) isomorphic to Q(a, b, c), all of which are obtained by applying Lemma 4 (below) to elements of the strict isomorphism class of Q(a, b, c). The reader may verify that the strict isomorphism classes of these N curves are distinct from one another whenever Q(a, b, c) has automorphism group exactly G.
Proposition 2 follows immediately upon inspection of Table 1 . 
Proof that the curves in Theorem 1 have isomorphic Jacobians
We will present three lemmas that together will prove that C(α 1 , α d ) is nonsingular and that C(α 1 , α d ) and H(α 1 ) have isomorphic Jacobians, for all odd divisors d > 1 of m. The proofs of the first two lemmas rely on the results of Part 4 of [8] , which tell us how to find genus-3 curves whose Jacobians are isomorphic to abelian varieties of the form (E 1 × E 2 × E 3 )/G for elliptic curves E i and for subgroups G of a certain type.
For every odd positive divisor d of m let F d be the elliptic curve given by
. Also, let β = 2α 2 1 − 1 and let F ′ be the elliptic curve Y 2 = X(X 2 + 2βX + β 2 − 1). Let S d , T d , and U d be the 2-torsion points on F d (C) with x-coordinates −1 − α d , 0, and 1 − α d , respectively, and let S ′ , T ′ , and U ′ be the 2-torsion points on F ′ (C) with x-coordinates −1 − β, 0, and 1 − β, respectively. For every d, let G d be the subgroup of (
Proof. We will find a curve whose Jacobian is isomorphic to (F 1 ×F 1 ×F ′ )/G 1 by applying the construction of Section 4.1 of [8] , which requires that we specify three elliptic curves E 1 , E 2 , E 3 and 2-torsion points P i and Q i on each E i . We take (E 1 , P 1 , Q 1 ) to be (F 1 , S 1 , T 1 ), we take (E 2 , P 2 , Q 2 ) to be (F 1 , S 1 , T 1 ), and we take (E 3 , P 3 , Q 3 ) to be (F ′ , S ′ , T ′ ). Note that then the group G of [8] is equal to our group G 1 .
In the notation of Part 4 of [8] we have
, and λ 2 = α 1 , A 3 = 2β, B 3 = β 2 − 1, ∆ 3 = 4, d 3 = 2, and λ 3 = β, we have R = 8, and the "twisting factor" T is 0. We can therefore apply Proposition 14 of [8] , and we find that (F 1 × F 1 × F ′ )/G 1 is isomorphic to the Jacobian of the curve defined (in homogeneous coordinates) by 
Proof. We will again use the construction of Section 4.1 of [8] . This time we take (E 1 , P 1 , Q 1 ) to be (
and we take (E 3 , P 3 , Q 3 ) to be (F ′ , S ′ , T ′ ). Now the group G of [8] is equal to our group G d . In the notation of Part 4 of [8] we have
we have R = 8, and the twisting factor T is 8(β − 1)(β − 2α 2 d + 1). We see that T is nonzero, because β = 2α 2 1 − 1 < 1 and because α 1 = ±α d . We can therefore apply Proposition 15 of [8] 
isomorphic to the Jacobian of the nonsingular plane quartic
). If we multiply the equation for the quartic by −1, replace X with X/(1 −
, and replace Z with Z/(1 − β 2 ) 1/4 , we find that this nonsingular plane quartic is isomorphic to the curve given by
where
Finally, by applying Lemma 4 we find that this last curve is isomorphic to
Lemma 7. For every odd positive divisor d of m we have
as abelian varieties without polarization.
Proof. By shifting X-coordinates by α 1 , we see that F 1 is isomorphic to the curve Y 2 = (X − 1)(X − α 1 )(X + 1). Since
, the definition of µ shows that F 1 is complex-analytically isomorphic to the torus C/Λ 1 , where
This isomorphism is given by sending a point P on F 1 to the image in Z/Λ 1 of the integral from ∞ to P of k dX/Y for some constant k that is either real or pure imaginary. Since 1/Y is pure imaginary for real values of X less than −1 − α 1 and real for real values of X between −1 − α 1 and 0, we see that S 1 corresponds to either 1/2 + Λ 1 or i √ m/2 + Λ 1 and
Let u and v be integers such that ud + v(m/d) = 1 and such that v is a multiple of 4. One can easily check that the matrix
gives an automorphism of C × C that takes
which we may interpret as an isomorphism ϕ :
Furthermore, using the matrix interpretation of ϕ, it is easy to check that Proof. The j-invariant of the elliptic curve Y 2 = (X − 1)(X − µ)(X + 1) is 2 6 (µ 2 + 3) 3 /(µ 2 − 1) 2 , and this is an increasing function of µ for µ ∈ [0, 1). Likewise, the function from R to R that takes x to the j-invariant of the lattice Z + ixZ is increasing for x ∈ [1, ∞). Thus, the function µ : R → R defined in the introduction is increasing for x ∈ [1, ∞). Suppose d > 1 is an odd divisor of m, so that 1
and we have µ(
and by using the fact that µ(x) = µ(1/x) we find that µ(
Note that α d = 0 for every d, because µ(x) = 0 only for x = 1. From Proposition 2 we see that if two curves Q(a, b, b) and Q(a ′ , b ′ , b ′ ) are isomorphic to one another and if bb ′ = 0, then either a = a ′ or (a + 2)(a ′ + 2) = 16. So if our curves C(α 1 , α d ) and C(α 1 , α d ′ ) were isomorphic to one another, we would find that either 1 − α 2
The first equality is impossible because α d and α d ′ are distinct positive numbers and α 2 1 = 1, and the second equality is impossible because Lemma 8 shows that the two factors on the left-hand side are both positive numbers less than 1. Thus the two curves are not isomorphic to one another, and we have proven Theorem 1.
Explicitly calculating the equations for the curves
Let m be a positive even squarefree integer, let K be the field Q( √ −m), and let O = Z[ √ −m] be the ring of integers of K. By choosing one of the two embeddings K ֒→ C we can think of K and O as subrings of C. From the explicit class field theory of imaginary quadratic extensions of Q, we know that there is a monic irreducible polynomial f ∈ Z[x] whose roots are the j-invariants of the elliptic curves over C with complex multiplication by O. These elliptic curves correspond to the lattices in K ⊂ C given by fractional O-ideals, with two lattices giving the same elliptic curve if and only if the corresponding ideals represent the same element of the class group Cl K of K. Thus, by computing ideals that represent the various elements of the class group of K and by computing to high-enough precision the jinvariants of the lattices given by these ideals, we can find the polynomial f exactly by first determining its coefficients with an error of less than 1/2 and then making use of the fact that these coefficients are integers. [14] . Now, the j-invariant of the elliptic curve Example . Consider the case m = 6 of the preceding discussion. The class group of K = Q( √ −6) has order 2, and its elements are represented by 
